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Positive Quaternion Kähler Manifolds are Riemannian manifolds with holonomy contained
in Sp(n)Sp(1) and with positive scalar curvature. Conjecturally, they are symmetric spaces.
In this article we are mainly concerned with Positive Quaternion Kähler Manifolds M
satisfying b4(M) = 1. Generalising a result of Galicki and Salamon we prove that M4n in
this case is homothetic to a quaternionic projective space if 2 = n 6.
© 2010 Elsevier B.V. All rights reserved.
Introduction
Quaternion Kähler Manifolds settle in the highly remarkable class of special geometries. Hereby one refers to Riemannian
manifolds with special holonomy among which Kähler manifolds, Calabi–Yau manifolds or Joyce manifolds are to be men-
tioned as the most prominent examples. Quaternion Kähler Manifolds have holonomy contained in Sp(n)Sp(1); they are
called positive, if their scalar curvature is positive.
The only known examples of Positive Quaternion Kähler Manifolds are given by the so-called Wolf spaces, which are
all symmetric and the only homogeneous examples due to Alekseevski. Indeed, they are given by the inﬁnite series HPn ,
Gr2(Cn+2) and G˜r4(Rn+4) (the Grassmannian of oriented real 4-planes) and the exceptional spaces G2/SO(4), F4/Sp(3)Sp(1),
E6/SU(6)Sp(1), E7/Spin(12)Sp(1), E8/E7Sp(1). Besides, it is known that in each dimension there are only ﬁnitely many
Positive Quaternion Kähler Manifolds. This endorses the fundamental conjecture.
Conjecture (LeBrun, Salamon). Every Positive Quaternion Kähler Manifold is a Wolf space.
A conﬁrmation of the conjecture has been achieved in dimensions four (Hitchin) and eight (Poon–Salamon, LeBrun–
Salamon).
Recently this ﬁeld of study has received a lot of attention with several contributions via completely different approaches
and methods ranging from Ricci-ﬂow to complex geometry. However, the LeBrun–Salamon conjecture still seems to be
open. This article is devoted to an investigation of low-dimensional Positive Quaternion Kähler Manifolds—dimensions 16 to
24—mainly under the assumption that their fourth Betti number equals 1.
Using index computations for twisted Dirac operators, we obtain a classiﬁcation result concerning the quaternionic pro-
jective spaces.
Theorem A. Suppose 2 = n 6. Let M4n be a Positive Quaternion Kähler Manifold with b4(M) = 1. Then M is homothetic to HPn.
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dimensions 20 and 24. Note that the exceptional Wolf space F4/Sp(3)Sp(1) has dimensions 28 (and dimG2/SO(4) = 8)—
both of them satisfy b4 = 1.
Structure of the article In Section 1 we shall give a very brief introduction to Positive Quaternion Kähler Geometry focussing
on properties obtained via Index Theory or transformation groups. Section 2 is devoted to computations of several twisted
Aˆ-genera via characteristic classes. In Section 3 we shall prove Theorem A. Moreover, we shall identify further properties
related to the methods of the proof.
We remark that a more elaborate introduction to the subject as well as detailed proofs can be found in [2].
Several arguments involve heavy computations. All of these were done with the help of Mathematica 6.01 or Maple 9
or later programme versions respectively.
In the following cohomology will be taken with rational coeﬃcients unless indicated differently.
1. Positive Quaternion Kähler Manifolds
Due to Berger’s celebrated theorem the holonomy group Hol(M, g) of a simply-connected, irreducible and non-symmetric
Riemannian manifold (M, g) is one of SO(n), U(n), SU(n), Sp(n), Sp(n)Sp(1), G2 and Spin(7).
A connected oriented Riemannian manifold (M4n, g) is called a Quaternion Kähler Manifold if
Hol(M, g) ⊆ Sp(n)Sp(1) = Sp(n) × Sp(1)/〈− id,−1〉
(In the case n = 1 one additionally requires M to be Einstein and self-dual.) Quaternion Kähler Manifolds are Einstein (cf. [3],
14.39, p. 403). In particular, their scalar curvature is constant.
Deﬁnition 1.1. A Positive Quaternion Kähler Manifold is a Quaternion Kähler Manifold with complete metric and with positive
scalar curvature.
For an elaborate depiction of the subject we recommend the survey articles [4] and [5]. We shall content ourselves with
mentioning a few properties that will be of importance throughout the article:
Foremost, we note that Positive Quaternion Kähler Manifolds M clearly are not necessarily Kählerian, as the name might
suggest. Moreover, the manifold M is compact and simply-connected (cf. [4], p. 158 and [4], 6.6, p. 163).
Locally, the structure bundle with ﬁbre Sp(n)Sp(1) may be lifted to its double covering with ﬁbre Sp(n) × Sp(1). The
bundles associated to the standard complex representations of Sp(n) on C2n and of Sp(1) on C2 will be called E respec-
tively H . Recall that PC(H) is called the twistor space of M . This space is a Fano contact Kähler Einstein manifold (cf. [6],
Theorem 1.2, p. 113).
We obtain the following formula for the complexiﬁed tangent bundle TCM of the Positive Quaternion Kähler Manifold
M (cf. [5], p. 93):
TCM = E ⊗ H
The bundles E and H arise from self-dual representations and so their odd-degree Chern classes vanish. The Chern classes
of E will be denoted by
c2i := c2i(E) ∈ H2i(M)
and
u := −c2(H) ∈ H4(M)
The quaternionic volume
v = (4u)n ∈ H4n(M4n)
is integral and satisﬁes 1 v  4n—cf. [5], p. 114 and [7], Corollary 3.5, p. 7.
Recall the deﬁniteness of the intersection form on Positive Quaternion Kähler Manifolds (cf. [8], [9]) (which is a con-
sequence of the Hodge–Riemann bilinear relations on the twistor space). The quoted articles differ in the formulation of
positive/negative deﬁniteness. We use the form u = −c2(H) to state the theorem. The orientation on M is naturally given
by un .
Theorem 1.2 (Fujiki, Nagano–Takeuchi). The generalised intersection form
Q (x, y) = (−1)r/2
∫
x∧ y ∧ un−r/2
M
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sign(M) = (−1)nb2n(M)
On a Positive Quaternion Kähler Manifold M4n we have the locally associated bundles E and H from above. Now form
the (virtual) bundles∧k
0
E :=
∧k
E −
∧k−2
E
of exterior powers and the bundles
SlH := Syml H
of symmetric powers. In general, the bundles
∧k
0 E ⊗ SlH exist globally if and only if n+k+ l is even. In this case, using the
index theorem one obtains the following relations (cf. [5], p. 117) where ik,l := ind/D(∧k0 E ⊗ SlH) is the index of a twisted
Dirac operator.
Theorem 1.3 (Salamon). It holds:
ik,l =
{0 if k + l < n
(−1)k(b2k(M) + b2k−2(M)) if k + l = n
d if k = 0, l = n + 2
where d = dim Isom(M) is the dimension of the isometry group of M and the bi(M) are the Betti numbers of M as usual.
As a consequence of the Atiyah–Singer Index Theorem we then may express these indices topologically via genera:
ind
(
/D
(∧k
0
E ⊗ SlH
))
=
〈
Aˆ(M) · ch
(∧k
0
E
)
· ch(SlH), [M]〉 (1)
Let us now collect some information on isometry groups, which is due to [5], Theorem 2.1, p. 89, [10], Theorem 1.1,
p. 642, [7], Corollary 3.3, p. 6, [4], p. 161 and [4], Theorem 7.5, p. 169.
Theorem 1.4 (Fang, Salamon, Semmelmann, Weingart). Let M4n be a Positive Quaternion Kähler Manifold with isometry group
Isom(M). We obtain:
• The rank rk Isom(M) may not exceed n + 1. If rk Isom(M) = n + 1, then M ∈ {HPn,Gr2(Cn+2)}.
• If rk Isom(M) n2 + 3, then M is isometric to HPn or to Gr2(Cn+2).
• It holds that dim Isom(M4n) dimSp(n + 1) = (n + 1)(2n + 3). Equality holds if and only if M ∼= HPn.
• If n = 3, then dim Isom(M) 5; if n = 4, then dim Isom(M) 8.
Let us ﬁnally state some cohomological properties of Positive Quaternion Kähler Manifolds.
Theorem 1.5 (Cohomological properties). A Positive Quaternion Kähler Manifold M satisﬁes:
• Odd-degree Betti numbers vanish, i.e. b2i+1 = 0 for i  0.
• The identity
n−1∑
p=0
(
6p(n − 1− p) − (n − 1)(n − 3))b2p = 1
2
n(n − 1)b2n
holds and specialises to
−1+ 3b2 + 3b4 − b6 = 2b8 (2)
−4+ 5b2 + 8b4 + 5b6 − 4b8 = 5b10 (3)
in dimensions 16 and 20 respectively.
• A Positive Quaternion Kähler Manifold M4n ∼= Gr2(Cn+2) is rationally 3-connected.
• The real cohomology algebra possesses an analogue of the Hard–Lefschetz property, i.e. with the four-form u ∈ H4(M,R) from
above the morphism
Lk : Hn−k(M,R) → Hn+k(M,R) Lk(α) = uk ∧ α
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bi−4  bi
for (even) i  2n. A generator in top cohomology H4n(M) is given by un. This deﬁnes a canonical orientation.
Proof. The ﬁrst point is proven in [4], Theorem 6.6, p. 163, where it is shown that the Hodge decomposition of the twistor
space is concentrated in terms Hp,p(Z). The second item is due to [11], 5.4, p. 403.
The next item basically follows from [5], Theorem 5.5, p. 103 where it is proven that b2 = 0 for Mn ∼= Gr2(Cn+2).
The Hard–Lefschetz property of M follows from the Hard–Lefschetz property of the twistor space. Indeed, a Positive
Quaternion Kähler Manifold has this property with respect to u. 
So for a Positive Quaternion Kähler Manifold M it is equivalent to demand that M be rationally 3-connected—i.e. to have
that π1(M) ⊗ Q = π2(M) ⊗ Q = π3(M) ⊗ Q = 0—and to require that M be π2-ﬁnite—i.e. to suppose that π2(M) < ∞.
2. Preparations
In this section we brieﬂy sketch how to compute the expressions
ip,q = 〈 Aˆ(M) · ch(Rp,q),M〉
with Rp,q =∧p0 E ⊗ SqH in terms of characteristic numbers of the complexiﬁed tangent bundle TCM for a Positive Quater-
nion Kähler Manifold M of dimension 20. For a more detailed description we refer the reader to [12]. (The respective
computations in dimensions 16 and 24 can be carried out in an absolutely analogous way.) The formulas relating these
indices to other invariants (cf. (1)) are given in Theorem 1.3. Combining these equations with our computations yields
the fundamental system of equations we shall mainly be concerned with in the following. It is linear in the characteristic
numbers of M .
We shall compute these indices in terms of characteristic classes u = −c2(H) respectively c2, c4, . . . , c10 of the bundles
H and E . It is straightforward to calculate
ch(H) = 2+ u + u
2
12
+ u
3
360
+ u
4
20160
+ u
5
1814400
ch(E) = 10− c2 + 1
12
(
c22 − 2c4
)+ 1
360
(−c32 + 3c2c4 − 3c6)
+ 1
20160
(
c42 − 4c22c4 + 2c24 + 4c2c6 − 4c8
)
+ 1
1814400
(−5c10 − c52 + 5c32c4 − 5c2c24 − 5c22c6 + 5c4c6 + 5c2c8)
Now use the formula TCM = E ⊗ H to successively compute the Chern classes of the complexiﬁed tangent bundle and the
Pontryagin classes pi of M . Filling in these Pontryagin classes into the characteristic series of the Aˆ-genus yields
Aˆ(M) = 1+ 1
12
(c2 − 5u) + 1
720
(
3c22 − c4 − 28c2u + 65u2
)
+ 1
60480
(
10c32 − 9c2c4 + 2c6 − 136c22u + 55c4u + 570c2u2 − 820u3
)
+ 1
3628800
(
21c42 − 34c22c4 + 5c24 + 13c2c6 − 3c8 − 384c32u
+ 409c2c4u − 113c6u + 2274c22u2 − 1060c4u2 − 5736c2u3 + 5760u4
)
+ 1
479001600
(
90c52 − 219c32c4 + 87c2c24 + 109c22c6 − 32c4c6 − 43c2c8
+ 10c10 − 2136c42u + 3990c22c4u − 675c24u − 1834c2c6u + 525c8u
+ 16524c32u2 − 19740c2c4u2 + 6155c6u2 − 57576c22u3 + 29935c4u3
+ 98815c2u4 − 73985u5
)
As a next step we compute the Chern characters of the exterior powers of E and the symmetric powers of H , which ﬁnally
enables us to express the ip,q via the characteristic classes of E and H . Thus we may form the essential system of equations
using Theorem 1.3. (See [12], p. 11, for the outcome.)
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Beside further observations, we shall present the proof of Theorem A in this section. Indeed, we shall deal with each
dimension—i.e. dimM ∈ {20,24}—in Theorem A separately thereby proving slightly more general assertions. The theorem
itself is then a combination of Corollary 3.6 and Theorem 3.7. As we already remarked, in dimension 28 there is an ex-
ceptional Wolf space, which makes further generalisation more diﬃcult. Nonetheless, as we were told by Gregor Weingart,
a similar recognition theorem—which also identiﬁes the exceptional Wolf space F4/Sp(3)Sp(1)—seems to be possible. Fore-
most we recall [5], Theorem 2.1.ii, p. 89.
Theorem 3.1 (Galicki, Salamon). Let M be a Positive Quaternion Kähler Manifold. If 8 = dimM  16 and b4(M) = 1, then M is
homothetic to the quaternionic projective space.
Before generalising this theorem, we shall reconsider the problem in dimension 16 and we shall illustrate the used
methods by pointing out certain additional results.
3.1. Dimension 16
In dimension 16 the relation on Betti numbers given in (2) of Theorem 1.5 together with the Hard–Lefschetz property
(cf. Theorem 1.5) have the following consequence: If b4 = 1 and if we assume M to be rationally 3-connected (cf. 1.5), we
obtain b0 = b4 = b8 = b12 = b16 = 1 with all the other Betti numbers vanishing. So necessarily every Pontryagin class is a
multiple of the corresponding power of the form u. This motivates the following slight improvement.
Proposition 3.2. If each of the Chern classes ci of the bundle E over a 16-dimensional Positive Quaternion Kähler Manifold is a (scalar)
multiple of the corresponding power of u, then the manifold already is homothetic to HP4 .
Proof. We form a linear system of equations as we did in Section 2. By assumption we may now replace every Chern class
ci by some xiuni for xi ∈ R.
If one focuses on the case b2 = 0 (cf. 1.5), the system of equations can be solved and it yields d = 55, b4 = b8 = 1, b6 = 0,
u4 = 1 (with all the factors xi equal to one). We then observe that in dimension 55 only semi-simple Lie groups of rank at
least 5 appear. Theorem 1.4 then yields the assertion; i.e. the isometry group becomes very large and permits to identify M
as the quaternionic projective space.
If one does not assume b2 = 0, the list of possible conﬁgurations for (d,b2,b4,b6,b8,u4) becomes a little larger. However,
the conﬁguration from above remains the only one with integral d ∈ Z. 
Assume b2 = 0. Then the same proof works if one only requires c2 and c4 to be scalar multiples of u respectively u2. In
this case a numerical solving procedure leads to six different solutions of which the only one with an integral value for d is
the requested one—as in Proposition 3.2.
Focussing on the case that only c2 is a multiple x ∈ R of u leads to the two equations
d = 7+ v
6
+ vx
48
(4)
b4 = 783
2
− 7
8
v − 9
16
vx− 11
128
vx2 − 1
512
vx3 (5)
where v = (4u)4 is the quaternionic volume. The element x is integral by the same reasoning as in the original proof, i.e. the
proof of [1], Theorem 5.1, p. 62. In [13] it is proven that i1,n+1  0. In the survey article [5], p. 117, it is suggested that this
index vanishes unless M is the quaternionic projective space. In the following we assume the vanishing of i1,5 in the case
M = HP4, which produces
d = 7(304+ 56x+ 3x
2)
16+ 20x+ 3x2 (6)
b4 = −27(1280− 304x− 40x
2 + 7x3)
8(16+ 20x+ 3x2) (7)
b6 = 1
36
(
3289− 294x+ 63x2 − 6(c4u2)x2 − 53200
16+ 20x+ 3x2 −
93548x
16+ 20x+ 3x2
)
(8)
b8 = 1
144
(
14410− 1113x− (126x2 − 12(c4u2))x2 − 1163680
16+ 20x+ 3x2 +
14728x
16+ 20x+ 3x2
)
(9)
c24 =
1
(
−3546+ 567x− 378x2 + 44(c4u2)x2 − 821520 2 + 445032x 2) (10)16 16+ 20x+ 3x 16+ 20x+ 3x
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b4 = 3 by (7) and also v = 84 by (4). Indeed, by the relations on Betti numbers in 1.5 only two possibilities for (b4,b6,b8)
remain, namely (3,0,4) or (3,2,3). Eqs. (8) and (9) yield c4u2 = 2732 in the ﬁrst case. By Theorem 1.2 we may use the
positive deﬁniteness of the generalised intersection form Q to see 0 Q (c4, c4) = c24. Yet, in the case (b4,b6,b8) = (3,2,3)
we obtain the contradiction c24 = − 7516 by (10). As a consequence, we have the following theorem:
Theorem 3.3. If M is a rationally 3-connected 16-dimensional Positive Quaternion Kähler Manifold with i1,5 = 0 and if the class c2 is
a scalar multiple of u, then either M ∼= HP4 or the datum (d, v,b4,b6,b8) = (28,84,3,0,4) is exactly the one of G˜r4(R8).
We remark that the property that c2 is a multiple of u seems to be a special feature of G˜r4(Rn+4) for n = 4 among the
inﬁnite series of Wolf spaces other than the quaternionic projective space.
3.2. Dimension 20
The following consequence is as simple as it is astonishing.
Lemma 3.4. Let M be rationally 3-connected of dimension 20 with b4  5. Then it holds:
b6 = b10 ∨ (b4,b8) ∈
{
(1,1), (2,3), (3,5), (4,7), (5,9)
}
(11)
Proof. By assumption b2 = 0. Eq. (3) becomes
4(2b4 − b8 − 1) = 5(b10 − b6)
where the right-hand side is non-negative due to Hard–Lefschetz (cf. 1.5). Hence the term 2b4 − b8 − 1 must either be a
positive multiple of 5 or zero. Since also b8  b4, the ﬁrst case may not occur for b4  5. Thus it holds that b6 = b10. The
existence of the form 0 = u ∈ H4(M) shows that b4  1. 
Let us now prove the analogue of Proposition 3.2 in dimension 20. Again, without restriction, we focus on rationally
3-connected Positive Quaternion Kähler Manifolds M20.
Theorem 3.5. If each of the Chern classes c2i of E over M20 is a (scalar)multiple of the corresponding power of u, then M20 ∼= HP5 .
Proof. We proceed as before in dimension 16; i.e. we solve the system of equations (cf. Section 2) setting all characteristic
classes to rational multiples of a suitable power of the form u. As a result we obtain b4 = b8 = 1, b6 = b10 = 0, u5 = 1, all
the scalars are 1 and d = 78. However, such a large isometry group can only occur for the quaternionic projective space—cf.
Theorem 1.4. 
We remark that for this proof to work we do not need that c6 is a scalar multiple of u3. We shall now use the observation
we stated in Lemma 3.4 to ﬁnish the reasoning.
Corollary 3.6. If b4(M20) = 1, then M20 ∼= HP5 .
Proof. Lemma 3.4 tells us that b4 = 1 implies b8 = 1. By Poincaré Duality we may conclude that all the c2i ∈ H4i(M) satisfy
the condition from Theorem 3.5. 
Observe that clearly by this corollary we have ruled out an inﬁnite number of possible conﬁgurations of Betti numbers,
since it automatically follows that b4 = 1 not only implies b8 = 1 but also b6 = b10 = 0.
Observe that one may prove this corollary in a slightly different way: Assume only that c2 and u are scalar multiples
and do the same for monomials containing c2 and u. Use the equations with the additional information b4 = 1 (and b2 = 0)
and the result follows directly.
3.3. Dimension 24
We apply similar techniques as before to prove
Theorem 3.7. A 24-dimensional Positive Quaternion Kähler Manifold M24 with b4(M) = 1 is homothetic to HP6 .
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and the additional information b4 = 1 (respectively b2 = 0) simpliﬁes the system of equations (cf. 1.3) that we build up as
we did for dimensions 16 and 20. Solving it yields a list of possibilities, which we run through in order to isolate the one
leading to HP6:
We may rule out the ﬁrst solution, since it yields d = 2447242891 /∈ Z for the dimension of the isometry group. The second
solution gives d = 105 = dimSp(7). Thus we directly know that M ∼= HP6 in this case—cf. Theorem 1.4. So what is left is to
rule out the following conﬁguration of solutions, which is marked by
d = 7937019926774969
402874803650560
x1 − 19592196959405797
2417248821903360
x22 +
457452279096536909
2417248821903360
− 263256496233
805749607301120
x63 +
1176648936457
402874803650560
x54 +
14142811929437
161149921460224
x45 −
282904843313851
604312205475840
x36
where each xi is a root of
29223x7 − 358275x6 − 6960405x5 + 67759961x4 + 579930789x3
− 4142432537x2 − 9711667063x+ 33284884867
Numerically, the roots of this polynomial are given by
2.156753156,7.720829360,11.12408307,15.23992325,
−10.15093795+ 2.570319306i,−3.679678028,−10.15093795− 2.570319306i
A computer-based check on all the possible combinations now shows that there are no integral solutions for d in all these
cases. So we are done. 
Acknowledgement
The author is very grateful to Anand Dessai for various fruitful discussions and suggestions.
References
[1] K. Galicki, S. Salamon, Betti numbers of 3-Sasakian manifolds, Geom. Dedicata 63 (1996) 45–68.
[2] M. Amann, Positive Quaternion Kähler Manifolds, Ph.D. thesis, WWU Münster, http://miami.uni-muenster.de/servlets/DocumentServlet?id=4869, 2009.
[3] A.L. Besse, Einstein Manifolds, Classics in Mathematics, Springer-Verlag, Berlin, 2008, reprint of the 1987 edition.
[4] S. Salamon, Quaternionic Kähler manifolds, Invent. Math. 67 (1982) 143–171.
[5] S. Salamon, Quaternion-Kähler geometry, in: Surveys in Differential Geometry: Essays on Einstein Manifolds, in: Surv. Differ. Geom., vol. VI, Int. Press,
Boston, MA, 1999, pp. 83–121.
[6] C. LeBrun, S. Salamon, Strong rigidity of positive quaternion-Kähler manifolds, Invent. Math. 118 (1994) 109–132.
[7] U. Semmelmann, G. Weingart, An upper bound for a Hilbert polynomial on quaternionic Kähler manifolds, J. Geom. Anal. 14 (2004) 151–170.
[8] A. Fujiki, On the de Rham cohomology group of a compact Kähler symplectic manifold, in: Algebraic Geometry, Sendai, 1985, in: Adv. Stud. Pure Math.,
vol. 10, North-Holland, Amsterdam, 1987, pp. 105–165.
[9] T. Nagano, M. Takeuchi, Signature of quaternionic Kaehler manifolds, Proc. Japan Acad. Ser. A Math. Sci. 59 (1983) 384–386.
[10] F. Fang, Positive quaternionic Kähler manifolds and symmetry rank. II, Math. Res. Lett. 15 (2008) 641–651.
[11] S. Salamon, Index theory and quaternionic Kähler manifolds, in: Differential Geometry and Its Applications, Opava, 1992, in: Math. Publ., vol. 1, Silesian
Univ. Opava, Opava, 1993, pp. 387–404.
[12] M. Amann, Partial classiﬁcation results for positive quaternion Kähler manifolds, arXiv:0911.4587v1, 2009.
[13] C. LeBrun, Fano manifolds, contact structures, and quaternionic geometry, Internat. J. Math. 6 (1995) 419–437.
